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We prove that the hard thermal loop contribution to static thermal amplitudes can be obtained
by setting all the external four-momenta to zero before performing the Matsubara sums and loop
integrals. At the one-loop order we do an iterative procedure for all the 1PI (one-particle irreducible)
one-loop diagrams and at the two-loop order we consider the self-energy. Our approach is sufficiently
general to the extent that it includes theories with any kind of interaction vertices, such as gravity
in the weak field approximation, for d space-time dimensions. This result is valid whenever the
external fields are all bosonic.
PACS numbers: 11.10.Wx
I. INTRODUCTION
The high-temperature limit of the one-loop ther-
mal Green’s functions enjoys some important properties
which allow us to obtain a closed-form expression for the
corresponding effective actions of Abelian as well as non-
Abelian gauge theories. One such property is the exis-
tence of simple Ward identities, which relate the n-point
with the (n + 1)-point functions, reflecting the underly-
ing gauge invariance of the effective action. Also, these
high-temperature Green’s functions have a characteristic
analytic dependence on the external momenta, yielding
effective actions which are nonlocal functionals of the ex-
ternal fields [1, 2]. In the high-temperature limit, it is also
possible to sum an infinite set of higher loop contributions
to the free energy, the so-called ring diagrams, which are
individually infrared divergent [3–6]. Similar properties
are also encountered in quantum gravity, where the Ward
identities emerge as a consequence of the invariance un-
der general coordinate transformations [7, 8]. However,
in the case of gravity, it has not been possible to find an
explicit closed-form expression for the underlying, nonlo-
cal, effective action as a functional of the metric field.
For the special case when the metric fields are static,
we have shown recently that it is possible to sum all
the 1PI one-loop n-graviton functions in terms of a local
closed-form expression for the effective action in the high-
temperature limit [9]. A key ingredient in order to obtain
this result was the use of the identity between the high-
temperature static and the zero four-momentum limit of
all the one-loop thermal Green’s functions. Throughout
this work, the equivalence between the static hard ther-
mal loop and the zero-momentum thermal amplitudes
will be abbreviated as SZM identity. This property has
been shown to be true by explicitly computing the two-
and three-point functions at one-loop order [10]. On the
other hand, in the limit where all the spacial compo-
nents of the external momenta vanish (long-wavelength
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limit), the thermal Green’s functions are not the same
as in the static limit for high-temperatures [11]. For ex-
ample the high-temperature limit of the self-energy has
different static- and long wavelength limits [4]. This oc-
curs because in the long-wavelength limit the analytic
continuation from discrete to continuous external ener-
gies would modify the integrands of the thermal Green’s
functions in a nontrivial way. (Throughout this work, we
will employ the imaginary time formalism [3, 4].) An-
other way to understand why the long-wavelength and
the high-temperature limits do not commute is to no-
tice that the leading high-temperature contribution arises
from the region where the loop three-momentum is much
larger than any external three-momentum [1].
The static limit of the hard thermal loop contributions
to thermal amplitudes can be quite cumbersome in gen-
eral, specially when the amplitudes have more than two
external legs. This is because one usually would have to
keep the external three-momenta nonzero before the inte-
gration over the loop momenta is performed; only in the
end of the calculation would the external three-momenta
be reduced to zero. This is even more difficult when con-
sidering two or more loops. The SZM identity shows that
the final result can be obtained in a much simpler and
direct way.
From the one-loop effective action derived in Reference
[9] one can easily obtain the pressure of noninteracting
thermal particles subjected to an external static gravi-
tational field. In a more realistic physical scenario, one
would have to take into account the self-interactions of
the thermal particles. In principle this can be investi-
gated by computing the higher-loop contributions, which
necessarily involves interactions between the thermal par-
ticles. In order to tackle this issue in a systematic fash-
ion, we will investigate in the present work the possibility
that the SZM identity holds also at the two-loop order
for the 1PI diagrams. This issue is also of interest from a
broader point of view, since there are few higher-loop re-
sults at finite temperature, and our analysis is completely
general to the extent that it includes theories with cubic
and quartic vertices as well as more general cases, like
the weak field expansion of gravity.
It is important to point out that the SZM identity
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2cannot be true when there are external fermionic lines.
This is so because it is not possible to make the en-
ergy of an external fermionic line equal to zero before
performing the Matsubara sum and the subsequent ana-
lytic continuation of the external energy. As a simple ex-
plicit example, one may consider the static electron self-
energy which behaves like T 2/|~k| for high-temperatures
[4]. Therefore, throughout this work, the external lines
of the amplitudes are always bosonic. This important
limitation shows that the SZM identity is an intrinsic
property of the thermal field theories, since there would
be no such distinction between fermionic and bosonic ex-
ternal energies at zero temperature.
In the next section we will review the one-loop calcu-
lations which lead to the SZM identity described above.
We perform an iterative analysis which shows that the
one-loop SZM identity can be systematically verified for
all the n-point functions, generalizing the results found in
Ref. [10]. In Sec. III we consider the two-loop contribu-
tions for the two-point function and explicitly verify the
SZM identity for two nontrivial diagrammatic topologies.
(There are another three topologies which are dealt with
similarly in the Appendix.) As an example of a trivial
topology, Fig. 1 shows a one-loop diagram which does
not depend on the external momentum, and therefore
satisfies trivially the SZM identity. (In quantum gravity
one should also consider the one-point function which is
obviously also independent of the external momentum, at
any order in the loop expansion.) Similarly, the two-loop
diagrams in Fig. 2 are also independent of the external
momentum. The topologies shown in Fig. 3 can also be
considered trivial in the sense that the proof of the SZM
identity is similar to the one-loop case. Finally, in Sec.
IV we discuss our results and possible developments.
FIG. 1: Momentum-independent contribution to the two-
point function at the one-loop order.
FIG. 2: Momentum-independent contribution to the two-
point function at the two-loop order.
FIG. 3: Diagrammatic topologies which can be reduced to
the one-loop case.
k
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FIG. 4: A nontrivial one-loop contribution to the self-energy.
II. SZM IDENTITY AT ONE-LOOP ORDER
A. One-loop self-energy
In a theory of scalar fields, all the diagrammatic topolo-
gies depicted in the present work would represent the
full contribution to a given amplitude. When consider-
ing a spinor, vector or tensor theory (like gravity), there
may be several components associated with a given topol-
ogy. As will be clear in what follows, for the purpose of
our present analysis, it is not necessary to make explicit
which component we are taking into account. All com-
ponents can be encompassed in the same framework, so
that whenever we refer to a given amplitude, we are in
fact considering several components.
In this subsection we will consider, as a simple exam-
ple, the one-loop self-energy. This will illustrate our basic
idea and also allow us to introduce the main notation.
There are two basic topologies which contribute to the
self-energy at the one-loop order. The first topology,
shown in Fig. 1, is independent of the external momen-
tum, and the SZM identity is trivial. The only nontrivial
topology which contributes to the one-loop self-energy is
shown in Fig. 4. In the static limit (k0 = 0), this ampli-
tude can be written as
Πe =
∮
C
dp0
2pii
f(p0)
(p20 − x2)(p20 − w2)
, (1)
where x = |~p| and w = |~p + ~k|. (In this work we will
omit the integration over the spacial components of the
loop momenta since it is not important for the validity
of our arguments; we remark that this makes our results
valid in d space-time dimensions.) Here we are using the
3Re(p0)
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FIG. 5: Integration paths on the complex plane p0.
usual expression for the Matsubara sum in terms of an
integral over the contours C1 and C2 shown in Fig. 5
(a). For the temperature-dependent part, the numerator
f(p0) reduces to
f(p0) = Np(p0)V (p
µ). (2)
Here Np(p0) is the distribution of Fermi-Dirac or Bose-
Einstein, depending on the parity of the line p0. (In
the contour C2 it is convenient to make f(p0) →
−N(−p0)V (pµ), which is valid for the temperature-
dependent contribution.)
The function V (pµ) is model dependent, and it rep-
resents some tensor or spinor component. In general,
the function V depends on the external four-momentum
k. However, for the Yang-Mills theory or gravity, the
components of V are polynomials, and so, in the high-
temperature limit, we can make k = 0 in V [3, 4]. For our
present purposes, the only relevant momentum depen-
dence of f is the temporal component of the momentum
p0.
Using the asymptotic behavior of Np(p0), we can close
the path C at the infinity as we shown in Fig. 5 (b). By
the residue theorem, we have
Πe = −
[
f(x)
2x(x2 − w2) + (x→ −x)
+
f(w)
2w(w2 − x2) + (w → −w)
]
= − 1
x2 − w2
[
f(x)
2x
− f(w)
2w
+ (x,w → −x,−w)] . (3)
In the high-temperature limit, the amplitude will be
dominated by the region in which the external momen-
tum is much smaller than the integration momentum,
namely the hard thermal loops (HTL) region [3, 4].
Therefore, we can write w = x+ , where  = w−x x,
and perform an expansion around  = 0, so that
1
x2 − w2
[
f(x)
2x
− f(w)
2w
]
' 1
2x
d
dx
f(x)
2x
. (4)
This yields the following contribution to the high-
temperature limit of the static self-energy:
Πe ' −
[
1
2x
d
dx
f(x)
2x
+ (x→ −x)
]
. (5)
Let us now consider the other side of the SZM identity,
namely the zero-momentum limit. In this case, the self-
energy reduces to
Π0 =
∮
C
dp0
2pii
f(p0)
(p20 − x2)2
. (6)
Using the residue theorem, we can integrate in p0, ob-
taining
Π0 = −
[
lim
p0→x
d
dp0
f(p0)
(p0 + x)2
+ (x→ −x)
]
. (7)
Evaluating the limit, we obtain
lim
p0→x
d
dp0
f(p0)
(p0 + x)2
=
1
4x2
d
dx
f(x)− f(x)
4x3
=
1
2x
d
dx
f(x)
2x
. (8)
Therefore, the zero-momentum limit reduces to
Π0 = −
[
1
2x
d
dx
f(x)
2x
+ (x→ −x)
]
, (9)
which is identical to the result in Eq. (5). This shows
that the contribution of the one-loop nontrivial topology
in Fig. 4 satisfies the SZM identity. Taking into account
also the trivial contribution in Fig. 1, we conclude that
the one-loop self-energy satisfies the SZM identity.
From the explicit expressions for the diagrams shown
in Fig. 3 we can see that the SZM identity follows from
a similar derivation as above. Indeed, in this type of
diagram the loop integrals are independent of each other.
4k1
k2
kl
k1 + · · · + kl
· · ·
p
p + k1 p + k1 + · · · + kl
FIG. 6: 1PI one-loop amplitude with l + 1 vertices. It is to
be understood that some of the external lines may represent
a bundle of lines which intersect on the same vertex.
B. Iterative procedure for one-loop amplitudes
Let us now consider all possible 1PI one-loop ampli-
tudes with an arbitrary number of external lines. Fig.
6 shows a diagram containing l + 1 vertices. For a gen-
eral diagrammatic topology, ki denotes the sum of ni =
1, 2 . . . individual four-momenta associated with the ni
lines intersecting on a (ni + 2)-point vertex, so that the
total number of external lines is given by
∑
i ni ≥ l + 1.
In the static limit, when the time component of all
external four-momenta vanishes (k0i = 0), this amplitude
can be written as (recall that we are not concerned with
the integrations over the space components of the loop
momentum)
Al+1e =
∮
C
dp0
2pii
f¯(p0)
(p20 − x2)
l∏
n=1
1
p20 − w2n
, (10)
where we have introduced the notation
wn =
∣∣∣~p+ ~k1 + · · ·+ ~kn∣∣∣ , (11)
and x = |~p|. At high-temperature, the function f¯(p0) has
similar properties to f(p0) in Eq. (2), being the product
of the thermal distribution and components of a tensor
independent of the external momentum.
Performing the p0 integration with the help of the
residue theorem, and using the contour depicted in the
Fig. 5 (b), we obtain
Al+1e = −
{
f¯(x)
2x
l∏
n=1
1
x2 − w2n
+
l∑
m=1
f¯(wm)
2wm(w2m − x2)
l∏
n 6=m
n=1
1
w2m − w2n

+ {(x,wj)→ (−x,−wj)} j = 1 . . . l. (12)
In order to attain the full high-temperature limit of the
static amplitude, we now consider an iterative procedure.
Our strategy, in order to reach the HTL region, is to per-
form a step-by-step procedure considering each external
momentum ~ki small compared with ~p.
Let us first single out the dependence on w1, so that
Eq. (12) can be written as
Al+1e = −

1
x2 − w21
(
f¯(x)
2x
l∏
n=2
1
x2 − w2n
− f¯(w1)
2w1
l∏
n=2
1
w21 − w2n
)
+
l∑
m=2
f¯(wm)
2wm(w2m − x2)(w2m − w21)
l∏
n 6=m
n=2
1
w2m − w2n

+ {(x,wj)→ (−x,−wj)} j = 1 . . . l (13)
We now consider the external momentum ~k1 much
smaller than the loop momentum ~p, so that, proceeding
as in the previous sub-section, we can write w1 = x + 
and expand around  = 0. This yields
Al+1e ' −
{
1
2x
∂
∂x
(
f¯(x)
2x
l∏
n=2
1
x2 − w¯2n
)
+
l∑
m=2
f¯(w¯m)
2w¯m(w¯2m − x2)2
l∏
n6=m
n=2
1
w¯2m − w¯2n

+ {(x, w¯j)→ (−x,−w¯j)} j = 2 . . . l, (14)
5with the notation
w¯n =
∣∣∣~p+ ~k2 + · · ·+ ~kn∣∣∣ n = 2 . . . l. (15)
Using the residue theorem we can write Eq. (14) as
Al+1e '
1
2x
∂
∂x
∮
C
dp0
2pii
f¯(p0)
(p20 − x2)
l∏
n=2
1
p20 − w¯2n
=
∮
C
dp0
2pii
f¯(p0)
(p20 − x2)2
l∏
n=2
1
p20 − w¯2n
. (16)
On the other hand, if we make ~k1 = 0 in the static am-
plitude [Eq. (10)], we obtain an amplitude with zero
four-momenta (k1 = 0), which is the same as Eq. (16).
This special case of the SZM identity is the basis for the
inductive reasoning to be employed in what follows. No-
tice that, in the particular case where l = 1, Eqs. (10)
(with ~k1 = 0) and Eq. (16) explicitly verify the SZM
identity for the self-energy, as in the previous section.
In order to complete the inductive reasoning, let us
now assume that the amplitude, with ~k1, . . . , ~kn−1 much
smaller than the loop momentum ~p, can be approximated
by
Al+1e '
∮
C
dp0
2pii
f¯(p0)
(p20 − x2)n
l∏
i=n
1
p20 − v2i
, (17)
where
vi =
∣∣∣~p+ ~kn + · · ·+ ~ki∣∣∣ i = n, . . . , l. (18)
Then, starting from Eq. (17), we will prove that, when
the momentum ~kn is also much smaller than ~p, we obtain
Eq. (17) with n→ n+ 1 [see Eqs. (31) (34)].
Using the residue theorem, the p0 integration in Eq.
(17) yields
Al+1e ' −
 limp0→x
1
(n− 1)!
(
∂
∂p0
)n−1
f¯(p0)
(p0 + x)n
l∏
i=n
1
p20 − v2i
+
l∑
j=n
f¯(vj)
2vj(v2j − x2)n
l∏
i 6=j
i=n
1
v2j − v2i

+ {(x, vm)→ (−x,−vm)} m = 2 . . . l,
= −
{
lim
p0→x
1
(n− 1)!
(
∂
∂p0
)n−1
f¯(p0)
(p0 + x)n(p20 − v2n)
l∏
i=n+1
1
p20 − v2i
+
f¯(vn)
2vn(v2n − x2)n
l∏
i=n+1
1
v2n − v2i
+
l∑
j=n+1
f¯(vj)
2vj(v2j − x2)n(v2j − v2n)
l∏
i 6=j
i=n+1
1
v2j − v2i
+ {(x, vm)→ (−x,−vm)} m = n, . . . , l. (19)
The first term in Eq. (19) can be written as
T1 = lim
p0→x
1
(n− 1)!
(
∂
∂p0
)n−1
h(p0)
(p0 + x)n(p20 − v2n)
= lim
p0→x
1
(n− 1)!
(
∂
∂p0
)n−1
× h(p0)
(p0 + x)n(p0 + vn)(p0 − vn) , (20)
where we have introduced
h(p0) = f¯(p0)
l∏
i=n+1
1
p20 − v2i
. (21)
Using the Leibniz rule, we have an analogy with the bi-
nomial formula, such that
(
∂
∂p0
)n−1
[A(p0)B(p0)] =
n−1∑
t=0
(n− 1)!
t!(n− 1− t)!
[(
∂
∂p0
)t
A(p0)
][(
∂
∂p0
)n−1−t
B(p0)
]
, (22)
6so that Eq. (20) acquires the form
T1 =
n−1∑
t=0
1
t!(n− 1− t)! limp0→x
[(
∂
∂p0
)n−1−t
1
p0 − vn
][(
∂
∂p0
)t
h(p0)
(p0 + x)n(p0 + vn)
]
. (23)
Evaluating the derivative yields
T1 =
n−1∑
t=0
1
t!(n− 1− t)! limp0→x
[
(−1)n−t−1(n− t− 1)!
(p0 − vn)n−t
][(
∂
∂p0
)t
h(p0)
(p0 + x)n(p0 + vn)
]
=
n−1∑
t=0
1
t!
lim
p0→x
[ −1
(vn − p0)n−t
] [(
∂
∂p0
)t
h(p0)
(p0 + x)n(p0 + vn)
]
=
n−1∑
t=0
1
t!
−1
(vn − x)n−t limp0→x
(
∂
∂p0
)t
h(p0)
(p0 + x)n(p0 + vn)
. (24)
We now introduce the high-temperature limit, when mo-
mentum ~kn is much smaller than the integration momen-
tum ~p, so that vn = x + . Then, the dominant term in
Eq. (24) is
T1 ' −
n−1∑
t=0
1
t!(vn − x)n−t limp0→x
(
∂
∂p0
)t
h(p0)
(p0 + x)n+1
.
(25)
Similarly, using Eq. (21), the second term in Eq. (19)
can be written as
T2 =
1
(vn − x)n
h(vn)
2vn(vn + x)n
. (26)
In the high-temperature limit, we can make the approx-
imation
T2 ' 1
(vn − x)n
h(vn)
(vn + x)n+1
(27)
and perform the Taylor expansion, yielding
T2 ' 1
(vn − x)n
∞∑
t=0
(vn − x)t
t!
lim
vn→x
(
∂
∂vn
)t
h(vn)
(vn + x)n+1
, (28)
which can be rewritten as
T2 '
∞∑
t=0
1
t!(vn − x)n−t limp0→x
(
∂
∂p0
)t
h(p0)
(p0 + x)n+1
. (29)
Combining Eqs. (25) and (29) and neglecting all the
subleading contributions in the high-temperature limit,
we obtain
T1 + T2 ' 1
n!
lim
p0→x
(
∂
∂p0
)n
h(p0)
(p0 + x)n+1
' 1
n!
lim
p0→x
(
∂
∂p0
)n
f¯(p0)
(p0 + x)n+1
l∏
i=n+1
1
p20 − v¯2i
, (30)
where
v¯i =
∣∣∣~p+ ~kn+1 + · · ·+ ~ki∣∣∣ , i = n+ 1, · · · , l. (31)
The last term in Eq. (19) has the following high-
temperature limit
T3 '
l∑
j=n+1
f¯(v¯j)
2v¯j(v¯2j − x2)n+1
l∏
i 6=j
i=n+1
1
v¯2j − v¯2i
. (32)
Combining Eqs. (30) and (32), we obtain
7Al+1e ' −

1
n!
lim
p0→x
(
∂
∂p0
)n
f¯(p0)
(p0 + x)n+1
l∏
i=n+1
1
p20 − v¯2i
+
l∑
j=n+1
f¯(v¯j)
2v¯j(v¯2j − x2)n+1
l∏
i 6=j
i=n+1
1
v¯2j − v¯2i

+ {(x, v¯m)→ (−x,−v¯m)} m = n+ 1, . . . , l. (33)
Finally, using the residue theorem yields
Al+1e '
∮
C
dp0
2pii
f¯(p0)
(p20 − x2)n+1
l∏
i=n+1
1
p20 − v¯2i
. (34)
This completes the inductive reasoning for all one-loop
HTL amplitudes.
As a direct consequence of the previous proof, we now
can write
Al+1e '
∮
C
dp0
2pii
f¯(p0)
(p20 − x2)l+1
= Al+10 , (35)
which generalizes the result obtained in Ref. [10]. Then,
from this general SZM identity, we can immediately write
the result for a general 1PI one-loop static amplitude, in
the HTL approximation, as follows:
Al+1e '
1
l!
(
1
2x
∂
∂x
)l ∮
C
dp0
2pii
f¯(p0)
p20 − x2
=
1
l!
(
1
2x
∂
∂x
)l
f¯(x)
2x
+ (x→ −x). (36)
This equation gives the general expression for 1PI am-
plitudes in the high-temperature static limit, after we
explicitly consider some field theory model and integrate
over the space components of the loop momentum. It is
easy to verify that in d space-time dimensions, the power
of the temperature will be [V ] + d − 2l − 2 (where [V ]
denotes the mass dimension of the tensor structure). In
the case of scalar ([V ] = 0) and vector gauge theories
the leading high-temperature behavior will be T d−4 and
T d−2, respectively, while for gravity, the 1PI amplitudes
contribute to all orders being proportional to T d.
III. SELF-ENERGY AT TWO-LOOP ORDER
In this section we will consider the two-loop contribu-
tions to the self-energy. Now we have to consider all types
of nontrivial topologies which, unlike the ones shown in
Figs. 2 and 3, are dependent on the external momentum
and cannot be reduced to the one-loop case. There are
five such topologies. Here we will present the details of
two of them, which are representative of the technicali-
ties and illustrate the main aspects of this analysis. The
other three topologies will be considered in the Appendix.
k
k + p
p
k
p− q
k + q
q
FIG. 7: First contribution for two-loop self energy
A. First topology
Let us first consider the contribution shown in Fig. 7.
In the static limit, this amplitude can be written as
ΠAe =
∮
C
dp0
2pii
∮
C
dq0
2pii
fA(p0, q0)
(p20 − x2)(p20 − w2)[(p0 − q0)2 − z2](q20 − y2)(q20 − v2)
, (37)
where x = |~p|, y = |~q|, w = |~p + ~k|, v = |~q + ~k| and z = |~p − ~q|. The hard thermal loop region, which yields leading
high-temperature contributions, comes from the terms containing the product of two thermal distributions so that
the function fA(p0, q0) has the following form (there are indications that these terms may be the only ones which
survive in the high-temperature limit [12])
fA(p0, q0) = Np(p0)Nq(q0)V (p
µ, qν), (38)
and the same high-temperature considerations we have made for f(p0) in Sec. II A also holds for f
A(p0, q0), so that
it does not depend on the external momentum.
8Using the residue theorem to perform the p0 integration yields
ΠAe = −
∮
C
dq0
2pii
{
fA(x, q0)
2x(x2 − w2)[(x− q0)2 − z2](q20 − y2)(q20 − v2)
+
fA(w, q0)
2w(w2 − x2)[(w − q0)2 − z2](q20 − y2)(q20 − v2)
+
fA(q0 + z, q0)
2z[(q0 + z)2 − x2][(q0 + z)2 − w2](q20 − y2)(q20 − v2)
}
+ {(x,w, z)→ (−x,−w,−z)}. (39)
Similarly, the q0 integral produces
ΠAe =
{[
fA(x, x+ z)
4zx(x2 − w2)[(x+ z)2 − y2][(x+ z)2 − v2] +
fA(w,w + z)
4zw(w2 − x2)[(w + z)2 − y2][(w + z)2 − v2]
+ (z → −z)] +
[
fA(x, y)
4xy(x2 − w2)[(x− y)2 − z2](y2 − v2) +
fA(w, y)
4wy(w2 − x2)[(w − y)2 − z2](y2 − v2)
+
fA(y + z, y)
4zy[(y + z)2 − x2][(y + z)2 − w2](y2 − v2) + (y → −y)
]
+
[
fA(x, v)
4xv(x2 − w2)[(x− v)2 − z2](v2 − y2) +
fA(w, v)
4wv(w2 − x2)[(w − v)2 − z2](v2 − y2)
+
fA(v + z, v)
4zv[(v + z)2 − x2][(v + z)2 − w2](v2 − y2) + (v → −v)
]
+
[
fA(x, x− z)
4zx(x2 − w2)[(x− z)2 − y2][(x− z)2 − v2]
+ (x→ −x)] +
[
fA(w,w − z)
4zw(w2 − x2)[(w − z)2 − y2][(w − z)2 − v2] + (w → −w)
]}
+ {[(x,w, z)→ (−x,−w,−z)]} . (40)
The HTL region is now characterized by q  k and
p  k, so that we can write w = x +  and v = y + δ,
with  = w − x  x and δ = v − y  y, and a series
expansion can be performed around  = 0 and δ = 0.
In this way, all the terms in Eq. (40) can be dealt with
using the following relations:
1
x2 − w2
[
fA(x, x+ z)
4zx[(x+ z)2 − y2][(x+ z)2 − v2]
− f
A(w,w + z)
4zw[(w + z)2 − y2][(w + z)2 − v2]
]
'
' 1
2x
∂
∂x
[
fA(x, x+ z)
4zx[(x+ z)2 − y2]2
]
, (41)
1
y2 − v2
[
fA(y + z, y)
4zy[(y + z)2 − x2][(y + z)2 − w2]
− f
A(v + z, v)
4zv[(v + z)2 − x2][(v + z)2 − w2]
]
' 1
2y
∂
∂y
[
fA(y + z, y)
4zy[(y + z)2 − x2]2
]
, (42)
1
x2 − w2
[
fA(x, x− z)
4zx[(x− z)2 − y2][(x− z)2 − v2]
− f
A(w,w − z)
4zw[(w − z)2 − y2][(w − z)2 − v2]
]
' 1
2x
∂
∂x
[
fA(x, x− z)
4zx[(x− z)2 − y2]2
]
, (43)
1
x2 − w2
1
y2 − v2 [g(x, y)− g(w, y)− g(x, v) + g(w, v)]
' 1
2x
∂
∂x
1
y2 − v2 [g(x, y)− g(x, v)]
' 1
4xy
∂2
∂x∂y
g(x, y), (44)
with
g(x, y) =
fA(x, y)
4xy[(x− y)2 − z2] . (45)
9Substituting these results back into Eq. (40), we obtain
the following static hard thermal loop approximation:
ΠAe '
{
1
2x
∂
∂x
[
fA(x, x+ z)
4zx[(x+ z)2 − y2]2
]
+ [z → −z]
+
1
2x
∂
∂x
[
fA(x, x− z)
4zx[(x− z)2 − y2]2
]
+ [x→ −x]
+
1
2y
∂
∂y
[
fA(y + z, y)
4zy[(y + z)2 − x2]2
]
+ [y → −y]
+
1
4xy
∂2
∂x∂y
fA(x, y)
4xy[(x− y)2 − z2] + [y → −y]
}
+ {(x, z)→ (−x,−z)}. (46)
Let us now consider the zero-momentum limit. In this
case Eq. (37) reduces to
ΠA0 =
∮
C
dp0
2pii
∮
C
dq0
2pii
fA(p0, q0)
(p20 − x2)2[(p0 − q0)2 − z2](q20 − y2)2
. (47)
Using the residue theorem, the p0 integration yields
ΠA0 = −
∮
C
dq0
2pii
{
fA(q0 + z, q0)
2z[(q0 + z)2 − x2]2(q20 − y2)2
+ (z → −z) + lim
p0→x
∂
∂p0
fA(p0, q0)
(p0 + x)2[(p0 − q0)2 − z2](q20 − y2)2
+ (x→ −x)}
= −
∮
C
dq0
2pii
{[
fA(q0 + z, q0)
2z[(q0 + z)2 − x2]2(q20 − y2)2
+
1
2x
∂
∂x
fA(x, q0)
2x[(x− q0)2 − z2](q20 − y2)2
]
+ [(x, z)→ (−x,−z)]} . (48)
Similarly, the q0 integral produces
ΠA0 =
{
lim
q0→x−z
∂
∂q0
fA(q0 + z, q0)
2z(q0 + z + x)2(q20 − y2)2
+ (x→ −x) + lim
q0→y
∂
∂q0
fA(q0 + z, q0)
2z[(q0 + z)2 − x2]2(q0 + y)2 + (y → −y)
+
1
2x
∂
∂x
lim
q0→y
∂
∂q0
fA(x, q0)
2x[(x− q0)2 − z2](q0 + y)2 + (y → −y) +
1
2x
∂
∂x
fA(x, x+ z)
4xz[(x+ z)2 − y2]2 + (z → −z)
}
+ {(x, z)→ (−x,−z)}
=
{
1
2x
∂
∂x
fA(x, x− z)
4zx[(x− z)2 − y2]2 + (x→ −x) +
1
2y
∂
∂y
fA(y + z, y)
4zy[(y + z)2 − x2]2 + (y → −y)
+
1
4xy
∂2
∂x∂y
fA(x, y)
4xy[(x− y)2 − z2] + (y → −y) +
1
2x
∂
∂x
fA(x, x+ z)
4xz[(x+ z)2 − y2]2 + (z → −z)
}
+ {(x, z)→ (−x,−z)}, (49)
which is the same as the static limit [(46)]. This concludes the verification of the SZM identity for the amplitude
shown in Fig. 7. It is remarkable that this identity holds even before performing the integrations over ~p and ~q.
B. Second topology
The topology shown in Fig. 8 has the following form in the static limit:
ΠBe =
∮
C
dp0
2pii
∮
C
dq0
2pii
fB(p0, q0)
(p20 − x2)2(p20 − w2)[(p0 − q0)2 − z2](q20 − y2)
. (50)
In this case we introduce the quantities x = |~p|, y = |~q|, w = |~p + ~k| and z = |~p− ~q|. In the high-temperature limit,
the numerator fB has the same form as fA in Eq. (38). The integrations over p0 and q0 can be evaluated, as in the
previous case, using the residue theorem, yielding
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ΠBe =
{[
1
2x
∂
∂x
fB(x, x− z)
4xz(x2 − w2)[(x− z)2 − y2] + (x→ −x)
]
+
[
fB(w,w + z)
4zw(w2 − x2)2[(w + z)2 − y2]
+
1
2x
∂
∂x
fB(x, x+ z)
4xz(x2 − w2)[(x+ z)2 − y2] + (z → −z)
]
+
[
fB(w,w − z)
4zw(w2 − x2)2[(w − z)2 − y2] + (w → −w)
]
+
[
fB(y + z, y)
4zy[(y + z)2 − x2]2[(y + z)2 − w2] +
fB(w, y)
4wy(w2 − x2)2[(w − y)2 − z2]
+
1
2x
∂
∂x
fB(x, y)
4yx(x2 − w2)[(x− y)2 − z2] + (y → −y)
]}
+ {(x,w, z)→ (−x,−w,−z)}, (51)
where the derivative terms come from doubles poles. In the HTL region we set w = x+ , with  x. Using relations
like
g(w)
(w2 − x2)2 +
1
2x
∂
∂x
g(x)
x2 − w2 '
g(x)
(w2 − x2)2 +
1
(w + x)(w2 − x2)
∂
∂x
g(x)
+
1
2(w + x)2
∂2
∂x2
g(x)− 1
(x2 − w2)2 g(x) +
1
2x(x2 − w2)
∂
∂x
g(x)
' − 1
8x3
∂
∂x
g(x) +
1
8x2
∂2
∂x2
g(x), (52)
we obtain from (51)
ΠBe '
{[(
1
8x2
∂2
∂x2
− 1
8x3
∂
∂x
)
fB(x, x− z)
4xz[(x− z)2 − y2] + (x→ −x)
]
+
[(
1
8x2
∂2
∂x2
− 1
8x3
∂
∂x
)
fB(x, x+ z)
4xz[(x+ z)2 − y2]
+ (z → −z)] +
[(
1
8x2
∂2
∂x2
− 1
8x3
∂
∂x
)
fB(x, y)
4yx[(x− y)2 − z2] +
fB(y + z, y)
4zy[(y + z)2 − x2]3 + (y → −y)
]}
+ {(x, z)→ (−x,−z)}. (53)
It is also convenient to employ the identity(
1
8x2
∂2
∂x2
− 1
8x3
∂
∂x
)
h(x)
x
=
(
3
8x5
− 3
8x4
∂
∂x
+
1
8x3
∂2
∂x2
)
h(x), (54)
so that the amplitude takes the final form
ΠBe '
{[(
3
8x5
− 3
8x4
∂
∂x
+
1
8x3
∂2
∂x2
)
fB(x, x− z)
4z[(x− z)2 − y2] + (x→ −x)
]
+
[(
3
8x5
− 3
8x4
∂
∂x
+
1
8x3
∂2
∂x2
)
fB(x, x+ z)
4z[(x+ z)2 − y2] + (z → −z)
]
+
[(
3
8x5
− 3
8x4
∂
∂x
+
1
8x3
∂2
∂x2
)
fB(x, y)
4y[(x− y)2 − z2] +
fB(y + z, y)
4zy[(y + z)2 − x2]3 + (y → −y)
]}
+ {(x, z)→ (−x,−z)}. (55)
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Let us now consider the zero-momentum limit. In this case, the amplitude shown in Fig. 8 reduces to
ΠB0 =
∮
C
dp0
2pii
∮
C
dq0
2pii
fB(p0, q0)
(p20 − x2)3[(p0 − q0)2 − z2](q20 − y2)
. (56)
Integrating in p0,
ΠB0 = −
∮
C
dq0
2pii
{
fB(q0 + z, q0)
2z[(q0 + z)2 − x2]3(q20 − y2)
+ (z → −z)
+
1
2
lim
p0→x
∂2
∂p20
fB(p0, q0)
(p0 + x)3[(p0 − q0)2 − z2](q20 − y2)
+ (x→ −x)
}
(57)
and computing the limit, yields
ΠB0 =
∮
C
dq0
2pii
{[
fB(q0 + z, q0)
2z[(q0 + z)2 − x2]3(q20 − y2)
+
(
3
16x5
− 3
16x4
∂
∂x
+
1
16x3
∂2
∂x2
)
fB(x, q0)
[(x− q0)2 − z2](q20 − y2)
]
+ {(x, z)→ (−x,−z)}. (58)
Finally, integrating in q0, we obtain
ΠB0 =
{[
1
2
lim
q0→x−z
∂2
∂q20
fB(q0 + z, q0)
2z(q0 + z + x)3(q20 − y2)
+ (x→ −x)
]
+
[
fB(y + z, y)
4zy[(y + z)2 − x2]3 + (y → −y)
]
+
[(
3
16x5
− 3
16x4
∂
∂x
+
1
16x3
∂2
∂x2
)
fB(x, y)
2y[(x− y)2 − z2] + (y → −y)
]
+
[(
3
16x5
− 3
16x4
∂
∂x
+
1
16x3
∂2
∂x2
)
fB(x, x+ z)
2z[(x+ z)2 − y2] + (z → −z)
]}
+ {(x, z)→ (−x,−z)}
=
{[(
3
16x5
− 3
16x4
∂
∂x
+
1
16x3
∂2
∂x2
)
fB(x, x− z)
2z[(x− z)2 − y2] + (x→ −x)
]
+
[
fB(y + z, y)
4zy[(y + z)2 − x2]3 + (y → −y)
]
+
[(
3
16x5
− 3
16x4
∂
∂x
+
1
16x3
∂2
∂x2
)
fB(x, y)
2y[(x− y)2 − z2] + (y → −y)
]
+
[(
3
16x5
− 3
16x4
∂
∂x
+
1
16x3
∂2
∂x2
)
fB(x, x+ z)
2z[(x+ z)2 − y2] + (z → −z)
]}
+ {(x, z)→ (−x,−z)}, (59)
which is identical to the static-limit result in Eq. (55), in agreement with the SZM identity.
IV. DISCUSSION
The results presented in this work may be useful in
physical scenarios where there are static external fields
and the temperature is high. An important example
would arise in the calculation of effective actions in static
backgrounds. Indeed, in the configuration space, the
SZM identity implies that one may compute the static
effective action using a much simpler space-time inde-
pendent background field configuration. For instance in
Ref. [9] we have shown that the effective action of static
gravitational fields can be obtained, in a closed-form, us-
ing the hypothesis that the external fields are space-time
independent. We based this hypothesis on the results
suggested in [10], where the SZM identities was verified
up to the three-point function. In the present work, we
have provided an iterative general proof of the one-loop
SZM for all n-point 1PI one-loop Green’s functions.
The main result of the present paper is the proof of the
SZM identity, using a rather lengthy calculation, at the
two-loop order, in the case of the two-point function. The
two-loop result is physically interesting because, at finite
temperature, it may be employed in order to describe
physical situations such that the thermal particles are
interacting not only with the external fields, but also with
each other.
It is important to point out that we have proved the
SZM identity for the hard thermal loop contributions to
the thermal amplitudes. Nonleading contributions to the
static amplitudes would in general depend on the scale
of external three-momenta or the mass (for massive field
theories). While it is obvious that any subleading contri-
bution which depends on the external momenta would vi-
olate the SZM identity, the same may not be true for the
mass-dependent subleading terms. However, this would
only be relevant (if true) for the nonleading contributions
to static amplitudes.
We also remark that the Feynman graph topologies
which we have considered in this work are sufficiently
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general to encompass a rather general class of field theo-
ries with a finite or infinite number of vertices (like grav-
ity in the weak field approximation), in d space-time di-
mensions. Once we have a proof of the SZM identity also
for all the two-loop 1PI Green’s functions, then it would
be possible to obtain the pressure of interacting thermal
particles in a background of static fields. This problem
is currently under investigation.
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Appendix
1. Third topology
In this appendix we will present the analysis of the three remaining topologies which contribute to the two-point
function. We begin with the topology shown in Fig. 9 which in the static limit yields
ΠCe =
∮
C
dp0
2pii
∮
C
dq0
2pii
fC(p0, q0)
(p20 − w2)[(p0 − q0)2 − z2](q20 − y2)
, (A.1)
with the notation w = |~p+ ~k|, y = |~q| and z = |~p− ~q|.
Performing the integration in p0, with the help of the residue theorem, we obtain
ΠCe = −
∮
C
dq0
2pii
{[
fC(w, q0)
2w[(w − q0)2 − z2](q20 − y2)
+
fC(q0 + z, q0)
2z[(q0 + z)2 − w2](q20 − y2)
]
+ [w, z → −w,−z]
}
. (A.2)
Similarly, the integration in q0 yields
ΠCe =
{[
fC(w, y)
4wy[(w − y)2 − z2] +
fC(y + z, y)
4zy[(y + z)2 − w2]
+ (y → −y)] +
[
fC(w,w + z)
4wz[(w + z)2 − y2] + (z → −z)
]
+
[
fC(w,w − z)
4zw[(w − z)2 − y2] + (w → −w)
]}
+ {w, z → −w − z}. (A.3)
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In the high-temperature limit we consider w = x+ , with x = |~p|, so that the dominant term is
ΠCe '
{[
fC(x, y)
4xy[(x− y)2 − z2] +
fC(y + z, y)
4zy[(y + z)2 − x2]
+ (y → −y)] +
[
fC(x, x+ z)
4xz[(x+ z)2 − y2] + (z → −z)
]
+
[
fC(x, x− z)
4zx[(x− z)2 − y2] + (x→ −x)
]}
+ {x, z → −x− z}
=
∮
C
dp0
2pii
∮
C
dq0
2pii
fC(p0, q0)
(p20 − x2)[(p0 − q0)2 − z2](q20 − y2)
= ΠC0 , (A.4)
where we identify the zero-momentum limit of the amplitude
ΠC0 =
∮
C
dp0
2pii
∮
C
dq0
2pii
fC(p0, q0)
(p20 − x2)[(p0 − q0)2 − z2](q20 − y2)
, (A.5)
which establishes the SZM identity for this amplitude.
2. Fourth topology
Let us now consider the topology shown in Fig. 10 which, in the static limit, has the following form
ΠDe =
∮
C
dp0
2pii
∮
C
dq0
2pii
fD(p0, q0)
(p20 − x2)(p20 − w2)[(p0 − q0)2 − z2](q20 − y2)
, (A.6)
where we are using the notation x = |~p|, y = |~q|, w = |~p+ ~k| and z = |~p− ~q|.
As before, we employ the residue theorem to perform the integration in p0 and in q0, obtaining
ΠDe =
{[
fD(x, y)
4xy(x2 − w2)[(x− y)2 − z2] +
fD(w, y)
4wy(w2 − x2)[(w − y)2 − w2] +
fD(y + z, y)
4zy[(y + z)2 − x2][(y + z)2 − w2]
+ (y → −y)] +
[
fD(x, x+ z)
4zx(x2 − w2)[(x+ z)2 − y2] +
fD(w,w + z)
4zw(w2 − x2)[(w + z)2 − y2] + (z → −z)
]
+
[
fD(x, x− z)
4xz(x2 − w2)[(x− z)2 − y2] + (x→ −x)
]
+
[
fD(w,w − z)
4wz(w2 − x2)[(w − z)2 − y2] + (w → −w)
]}
+ {(x,w, z)→ (−x,−w,−z)}. (A.7)
In the high-temperature limit, the relation in Eq. (4) yields
ΠDe '
{[
1
2x
∂
∂x
fD(x, y)
4xy[(x− y)2 − z2] +
fD(y + z, y)
4zy[(y + z)2 − x2]2 + (y → −y)
]
+
[
1
2x
∂
∂x
fD(x, x+ z)
4zx[(x+ z)2 − y2] + (z → −z)
]
+
[
1
2x
∂
∂x
fD(x, x− z)
4xz[(x− z)2 − y2] + (x→ −x)
]}
+ {(x, z)→ (−x,−z)}. (A.8)
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On the other hand, the zero external four-momentum amplitude is
ΠD0 =
∮
C
dp0
2pii
∮
C
dq0
2pii
fD(p0, q0)
(p20 − x2)2[(p0 − q0)2 − z2](q20 − y2)
. (A.9)
Using the residue theorem, the integration in p0 gives
ΠD0 = −
∮
C
dq0
2pii
{[
fD(q0 + z, q0)
2z[(q0 + z)2 − x2]2(q20 − y2)
+
1
2x
∂
∂x
fD(x, q0)
2x[(x− q0)2 − z2](q20 − y2)
]
+ [(x, z)→ (−x,−z)]} . (A.10)
Similarly, the integration in q0 produces
ΠD0 =
{[
fD(y + z, y)
4zy[(y + z)2 − x2]2
+
1
2x
∂
∂x
fD(x, y)
4xy[(x− y)2 − z2] + (y → −y)
]
+
[
1
2x
∂
∂x
fD(x, x+ z)
4xz[(x+ z)2 − y2] + (z → −z)
]
+
[
1
2x
∂
∂x
fD(x, x− z)
4zx[(x− z)2 − y2] + (x→ −x)
]}
+ {(x, z)→ (−x,−z)}. (A.11)
Comparing the static limit [(A.8)] with the zero momen-
tum limit [(A.11)] we can verify the SZM identity for the
amplitude shown in Fig. 10.
3. Fifth topology
The fifth topology for the two-loop self-energy is shown
in Fig. 11. In the static limit it reduces to
ΠEe =
∮
C
dp0
2pii
∮
C
dq0
2pii
fE(p0, q0)
(p20 − x2)2(p20 − w2)(q20 − y2)
,
(A.12)
with x = |~p|, y = |~q| and w = |~p + ~k|. Performing the
integration in p0 with the help of the residue theorem,
we obtain
ΠEe = −
∮
C
dq0
2pii
{
fE(w, q0)
2w(w2 − x2)2(q20 − y2)
+ (w → −w)
+
1
2x
∂
∂x
fE(x, q0)
2x(x2 − w2)(q20 − y2)
+ (x→ −x)} . (A.13)
In this amplitude the internal loops do not overlap, and
therefore it is not necessary, for the present purpose, to
perform the q0 integration.
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In the high-temperature limit we can use the approx-
imation in Eq. (52) and the identity in Eq. (54) which
lead to
ΠEe ' −
∮
C
dq0
2pii
{
3
16x5
fE(x, q0)
(q20 − y2)
− 3
16x4
∂
∂x
fE(x, q0)
(q20 − y2)
+
1
16x3
∂2
∂x2
fE(x, q0)
(q20 − y2)
+ (x→ −x)} . (A.14)
When all the external four-momentum vanish, the am-
plitude reduces to
ΠE0 =
∮
C
dp0
2pii
∮
C
dq0
2pii
fE(p0, q0)
(p20 − x2)3(q20 − y2)
. (A.15)
Using the residue theorem in order to perform the p0
integration, we obtain
ΠE0 = −
∮
C
dq0
2pii
[
1
2
lim
p0=x
∂2
∂p20
fE(p0, q0)
(p0 + x)3(q20 − y2)
+ (x→ −x)] . (A.16)
Finally, computing the limit, we obtain
ΠE0 = −
∮
C
dq0
2pii
{
3
16x5
fE(x, q0)
(q20 − y2)
− 3
16x4
∂
∂x
fE(x, q0)
(q20 − y2)
+
1
16x3
∂2
∂x2
fE(x, q0)
(q20 − y2)
+ (x→ −x)
}
. (A.17)
Therefore, the static result [(A.14)] together with the
zero-momentum result [(A.17)] implies the SZM identity
for the topology shown in Fig. 11.
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